Abstract. Let R be a commutative Noetherian ring and M be a finitely generated R-module. Considering the new concept of linkage of ideals over a module, we study associated prime ideals, cofiniteness and Artinianness of local cohomology modules of M with respect to some linked ideals over it.
introduction
Let R be a commutative Noetherian ring with 1 = 0, a be an ideal of R and M be an R-module. For i ∈ Z, the i-th local cohomology functor with respect to a is defined to be the i-th right derive functor of the a-torsion functor Γ a (−), where Γ a (M) = ∪ n∈N 0 0 : M a n . Local cohomology was defined by Grothendieck [3] , actually, it is an "algebraic child of geometric parents". For more details of local cohomology modules, we refer the reader to [2] .
There are lots of problems in the study of local cohomology modules (see [9] ) and finiteness problems in this subject attracts lots of interests. One of the main problems in this topic is finiteness of the set of associated prime ideals, i.e. Ass H i a (M). Although, in [20] , Singh showed that Ass H i a (M) might be infinite, but there are some cases where it is a finite set, see for example [10] , [7] and [14] . One more problem, is Artinianness of H i a (M) and it has been studied by many authors too, see for example [6] and [8] .
Another important topic in commutative algebra and algebraic geometry is the theory of linkage. The significant work of Peskine and Szpiro [18] stated this theory in the modern algebraic language; two proper ideals a and b in R are said to be linked if there is an regular sequence x in their intersection such that a = (x) : R b and b = (x) : R a.
In a recent paper [11] , inspired by the works in the ideal case, the authors present the concept of the linkage of ideals over a module. Let M be a finitely generated R-module. Let a, b and I be ideals of R with I ⊆ a ∩ b such that I is generated by an M-regular sequence and aM = M = bM. Then, a and b are said to be linked by I over M, denoted by a ∼ (I;M ) b, if bM = IM : M a and aM = IM : M b. This is a generalization of the classical concept of linkage when M = R.
In this paper, we consider the above generalization and study Artinianness and associated prime ideals of local cohomology modules H i a (M) where a is a linked ideal over M.
More precisely, in Section 2, we show that if R is Cohen-Macaulay and t ∈ N then, for any ideal a of R, Ass H In Section 3, we study Artinianness and attached prime ideals of local cohomology modules H i a (M) where a is a linked ideal over M and, among other things, we present some necessary and sufficient conditions for the finitely generated R-module M to be Cohen-Macaulay in terms of the existence of some special linked ideals over it (Theorem 3.3).
Throughout the paper, R denotes a non-trivial commutative Noetherian ring, a and b are non-zero proper ideals of R and M will denote a finitely generated R-module.
Associated prime ideals and cofiniteness
In this section, we study finiteness of the set of Associated prime ideals of local cohomology modules and the "cofinite" property of these modules over some linked ideals.
We begin by the definition of one of our main tool. 
Note that in the case where M = R, this concept is the classical concept of linkage of ideals in [18] . . Then the following statements hold.
. In particular, in the case where M = R,
Proof.
This, in conjunction with the isomorphisms
implies that
Now, in view of the assumption and [11, 2.5(ii)],
Also, by [11, 2.8(iii) ], Ass R a = Ass R ∩ V (a). This proves the last claim.
The following theorem provides an equivalent condition for the finiteness of Ass H t a (R). Theorem 2.3. Let R be a Cohen-Macaulay local ring and let t ∈ N. Then, the following statements are equivalent. 
and there exists p ∈ Ass R a ′ such that p ⊆ q, which is a contradiction. Now, the Mayer-Vietorise sequence Proof. In the case grade a ≥ 2, the result follows from [7, Theorem 1] . Let a be a linked ideal by I with grade a = 1. Via [12, 2.3(iv) and 2.6(i)],
We claim that ht p i = 1, for all i = 1, ..., l. Let i ∈ {1, ..., l}. There exists an irreducible element x ∈ p i − Z(R). If ht p i > 1 then there exists an irreducible element y ∈ p i − (x). As grade p i = 1, y ∈ Z(
) and there exist r ∈ R − (x) and r ′ ∈ R such that ry = r ′ x. Therefore, x|r which is a contradiction.
Therefore, by [15, Exercise 20.3] , √ a is principal and H 2 a (R) = 0. The last assertion follows from the fact that H dim R a (R) is Artinian.
ATTACHED AND ASSOICIATED PRIMES OF LOCAL COHOMOLOGY MODULES VIA LINKAGE5
The R-module X is said to be a-cofinite if Supp X ⊆ V (a) and Ext
is a finitely generated R-module for all i ∈ N 0 . The cofinite property of local cohomology modules is one of the main problems in this subject, see for example [4] . In the last item of this section, we consider this problem for linked ideals.
We recall the following lemma from [4, Proposition 1] which will be used in the next theorem. N) is a finitely generated R-module for all i ≤ p. Then, for any finitely generated
The following theorem considers some equivalent conditions for the finiteness of some Ext modules. Theorem 2.6. Let I be a non-prime ideal of R which is generated by an Rsequence and N be an R-module. Then, the following statements are equivalent. "(ii) → (iii)" Let a be a linked ideal by I. As Supp
, in view of 2.5, we can assume that a is a radical linked ideal by I. Let Min Ass 
attached prime ideals
Let (R, m) be a local ring. For all i ∈ N, the family {H i m ( M a n M )} n∈N forms an inverse system. The inverse limit
) is called the i-th formal local cohomology module of M with respect to a. Formal local cohomology were used by Peskine and Szepiro in [17] in order to solve a conjecture of Hartshorne.
Artinianness of local cohomology and formal cohomology modules is one of the main problems in this subject, see for example [1] , [5] and [19] . In this section we consider this problem.
The following modification of [5, Theorem A] will be used several times in the paper. We bring it here for the reader's convenience. Lemma 3.1. Let R be a complete local ring. Then In the following lemma, which will be used in the next theorem, we study the associated and attached prime ideals of local cohomology and formal local cohomology modules at the "lowest" and "highest" level.
Lemma 3.2. Let (R, m) be a complete local ring and M be a finitely generated R-module of dimension n . Then the following statements hold. 
